Multitransgression and regulators 
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In a parallel way to the work of Wang, we define higher order charac- 
teristic classes associated with the Chern character, generalizing the work 
f-H ' of Bott-Chern and Gillet-Soule on secondary characteristic classes. Our 

|\^ ! formalism is simplicial and the computations are easier. As a consequence, 

we obtain the comparison of Borel and Beilinson regulators and an explicit 
formula for the real single-valued function associated with the Grasman- 
nian polylogarithm. 



> ■ 1 Local multitransgression formula 
o ■ 
\o 

'nI" ■ Let X be a complex manifold. We denote by A{X) = ^pgA^XY''^ the space 

^ ■ of complex differential forms on X. Let T be a real manifold. We denote by 

^ . dx = d' + d" and dx the differentiation operator on differential forms on. X xT 

OO ! along X and T, respectively. 

O ■ 

Let E he a. holomorphic vector bundle on X. We denote also by E the inverse 
image of E on X x T by the projection X x T ^ X. Let ^ = A{X x T, E) be 
the global sections of E with coefficients differential forms. We denote by 
5^ I [, ] the supercommutator on Endc(V^) associated to the total differential degree 

of differential forms on X x T. We endow E with a C°° metric <, > on X x T, 
which is hermitian restricted to each X x {t}, t & T. Let V = V(t) : A^{X, E) —>■ 
A^{X,E) be the holomorphic unitary connection for this metric, for each point 
t eT. We can see V as an apphcation V : A°(X x T, A^ {X x T, E) and 

we can extend it in the usual manner to an application V : A*(X x T,E) — *■ 
A^~^^{X xT,E). We denote by V', V" the holomorphic and the anti-holomorphic 
components of V with respect to X. 

Let r be a positive integer and a symmetric C multilinear map on M^iCY, 
invariant by the adjoint action of GLnIC). We can associate to a charac- 
teristic class a := y9(V^, ■ ■ ■ , V^). If ip = CHr, where CHr{Ai, ■ ■ ■ , Ar) = 
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(-l)^(r!)-^(r!)-^Xlae5.^'^(^^i---^^r), we obtain a = c/i^, the r-th Chern 

character. We define the number operator G A^{X x T, End(i?)) by the for- 
mula (It < e, f >=< e, Nf >, for any two sections e, / G A^{X xT,E). Locally, 
if h denotes the hermitian metric expressed in a base of local sections of E, 
N — h'^drh. We introduce, for 1 < n < 2r — 1, the local n— transgressed forms 
of the characteristic class a 

^ ^ ' k\p\q\ 

k ,p,q>0, fc+p+g + l<r 

2k+p+q+l=n 



■ipiW''^""'~""'"\N, 1/2[N,N]<'>, [V',N]<P>), [V,N]<''>), 
where X"^"^^ means X, - ■ ■ ,X {m times). 

Theorem 1.1 

dxa^"^ + ndTa^""-^^ = (^(V'^'"""% [V", A^]<"> - (-1)"[V', N]<''>) {n > 2). (1) 



2 The definition of the regulator 

Let X be a smooth projective complex variety. We denote by A'^{X) the set of 
complex difTerential forms on X invariant by complex conjugation. We define 
Ajj(X)(r) := {2i7rYA^{X) C A{X). We recall from [W], [Bl] the definition of 
the complex ©'(X, r) computing the real Deligne cohomology: 

V^{X,r) = Al-\X){r-l)f] A^'^X) if n < 2r - 1, 

p+q=n—l,p<r,q<r 

V-{X,r) = A^{X){r)f] A^'^X) if n > 2r, 

p+q=n,p'>r,q>r 

with the differential of the element x G V^{X, r) given by 

dvx — dx if n > 2r, 

dvx = -2d'd"x if n = 2r - 1, 

dvx — —7r{dx) if n < 2r — 1, 

where 7r(rf) is the restriction of d to the p < n,q < n pieces of the bigrading. 

We define the simplicial set T.{X) of isomorphism classes of hermitian vector 
bundles on X. An element E — (Eq, /iq, ■■■■,hn) G Tn{X) consist of vector 
bundles EQ,...En on X endowed with hermitian metrics ho,...,hn, and isomor- 
phisms ifi : Eq ^ Ei for each i = 1, n. 
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We denote by A" the standard n— simplex A'* = {{to, ...tn)^U > O^Z^iLo*' ~ -'^}- 
We associate to an element E G the hermitian vector bundle B = {S, ht) on 

X X A", where the vector bundle £ is the inverse image of the vector bundle by 
the projection X x A" — X, and the metric ht on £ restricted to X x {(to, ^n)} 
is toho + hiflhi + ...tn{(Pn---^i)*hn- We define: 

We observe that ch(")(E) G V^'-''{X,r) C A"(X). We extend by hnearity the 
application ch^"^ to an apphcation ch^."^ : ZT„(X) V^''-''{X,r). Theorem 1.1 
and Stokes formula imply dxich^"^ {£) = ch[.""^^ {d£) (the right term of equation (1) 
disappears because of its complex bigrading), i.e. ch^'-* : 1fr.[X) T>'^^~'[X,r) is 
a morphism of complexes. 

If wc fix a metric h on the trivial rank N vector bundle 1^ on X and if we 
consider only those elements of the form E = (1^, 1^; h, h) in T„(X), we 
obtain an inclusion of simplicial sets B.GLn{X) — > T.(X). We obtain therefore 
a morphism: 

ch(-) : ZB.GLn{X) V^'-{X,r). (2) 

Proposition 2.1 The morphism (2) is, up to homotopy, independent of the 
choice of the metric h and compatible with the inclusion B.GLjq{X) C B.GLn+i{X). 

So we obtain a morphism Hr^{B.GL^{X)) H^~''{X, R(r)). If X = SpecC, we 
compose this morphism with the classical morphism ir„(C) = 7r„(S.GLoo(C)'^) — > 
Hn{B.GLoo{C)~^) — Hn{B.GLoo{C)) and we obtain a morphism 

ch(") : K^{C) ^ i/|;-"(C,R(r)). (3) 

Theorem 2.2 The morphism (3) coincides with the Beilinson regulator. 

Proof: Let 5'.(X) be the simplicial set computing the Waldhausen K-theory 
of X. Wang ([W]) constructs an explicit morphism of complexes ZS'.(X) 
©^^"•"^"■(X, r) and Burgos- Wang ([BW]) proved that the composition Kn{X) : = 
TTn+iiS.{X)) Hn+i{ZS.{X)) ^ H^-''{X,R{r)) is the Beilinson regulator. 
There is a canonical map '£B.GLn{X) — > S.{X), so we deduce a morphism 
ch(-) : ZB.GLn{X) V'^^-{X,r). We prove that this morphism coincides with 
the morphism (2) by using an explicit homotopy on the bisimplicial complex 

j:b..gln{x). 
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3 Comparison of Borel and Beilinson regulators 



The morphism (2) applied to an element of B2r-iGLj^[X) written in the homo- 
geneous form (s^o, • • • , 5'2r-i) gives 

2r-l 

ht = Y^ tigihgi\ (4) 

i=0 

c^f'-'\9., • • • , 92r-i) = -^1^^ /^^ Trih;'dTh,r-\ (5) 

So the morphism i72r-i(5-G'LAf(C)) H^{C,R{r)) = M(r-l) giving rise to the 
Beihnson regulator can be explicited by these formulas. On the other side, the 
Borel regulator comes ([H]) from the explicit morphism H2r-i{B .GLn{G)) — > M 
given by 6^(fi'o, ■ ■ ■ , fi'2r-i) = est j^^Tr{ht^dThtf'''^ where ht = J2f=o^ UgiQi* 
(/i = 1 in (4)). Taking care of the normalizations, we obtain the theorem of [B2] 

Theorem 3.1 The normalized Borel regulator is twice the Beilinson regulator. 



4 Explicit presentation of the real period at- 
tached to the grasmmanian polylogarithm 

The integral (5) still converges if the metric h is degenerate of rank N — r + 1 and 
we prove that we obtain the same morphism H2r-i{B.GLjq{X)) H^{X, M(r)). 
When N — r we can use a metric of rank one h — vv^ for a everywhere non- 
vanishing section v G iJ°(X, 1^). Let Vi = giV. Wc denote by X* the set of 
subsets of {0, ■ ■ ■ , 2r — 1} of cardinality s and for / = {ii, • • • , i^} e X* we denote 
tj = Yliei ''^i = Vii, ■ ■ ■ ,Vi^. The morphism (2) is 



Theorem 4.1 

ch'^''~'^\go, ■ ■ ■ , g2r-i) ^ 



2(2r - 1)! 



/ 

J A' 



E 11^=1 ti.dti.det{vi.,Vi.)det{vij,Vi.^J 

0<n,---,i2r-l<2r-l 



{Eieirti\det{vj)\^) 



2r-l 



Goncharov ([G]) associates to 2r non-zero vectors vq, - ■ ■ ,V2r-i in C a Z mixed 
Hodge structure Q{vo, - ■ ■ , f2r-i) of Hodge- Tate type, the maximal period of which 
is the Grasmannian polylogarithm. 

Conjecture 4.2 The maximal period of the M.-MHS attached to Q{vo, • • • , V2r-i) 
is the right-hand side of (6) . 
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Theorem 4.3 The conjecture is true for r < 3. 



For r = 2 we have some simplifications in the right-hand side of (6), beginning 
with the nice classical type 

Proposition 4.4 The following function is antisymmetric with respect to per- 
mutations in the variables Vi: 

f{vo,vi,V2,V3) = Im{det{vo,vi)det{v2,V3)det{vo,V3)det{vi,V2)). 



We obtain a new presentation of the Bloch-Wigner dilogarithm RLi2: 

Theorem 4.5 Let Vo,Vi,V2,V3 be non-zero vectors in and r{vo,Vi,V2,V3) the 
cross-ratio of the four points they represent in P^.. Then 



RLi2{r{vo,Vi,V2,V3)) = 12^/(^0,^1,^2,^3) 



dtidt2dt2 



A3 {T,i^jtitj\det{vi,Vj)\'^y' 



5 A speculation concerning the Beilinson-Soule 
conjecture 

It is remarkable that the vanishing of ch^"^ for n > 2r is a consequence of the 
local formalism of the section 1 and not of the vanishing of T>'^{X,r) for n > 
2r. If instead of the complex V'{X,r) we had a complex B'{X,r) and a theory 
ch^"^ : Kn{X) i/^'^'^"(;B (X, r)) which: a) could be realized by a formalism as 
in section 1 and b) is injective on Kn\x) Q (the weight r piece of K-theory 
for the Adams operations), we would have the Beilinson-Soule conjecture. 
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